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In this paper, we analyze kink-like analytical solutions in a real scalar theory with an arcsin
dynamics inspired by the arcsin electrodynamics presented in [8]. This analysis is done by means of
the first-order formalism. This formalism provides a framework where the equations of motion can
be simplified by preserving the linear stability of the theory. In this work, the deformation procedure
is implemented with the aim of finding exact solutions in systems with generalized dynamics. Along
the paper, we explore how the first-order formalism is implemented in the arcsin kinetics and how
such a term influences the kink-like solutions. As a part of the result of our paper, we show that the
kink-like solutions are similar to the ones obtained in the standard scalar kinetic theory. We also
show that the extra parameter, that controls the non-linearities of the model, plays an essential role
in the energy densities and stability potentials. These quantities vary according to this parameter.
The goals here are to show how the first-order framework is implemented in this arcsin scenario and
to present the analytical kink-like solutions that can be found by means of the first-order framework
and deformation method.
I. INTRODUCTION
In order to solve the electron self-energy problem, Born and Infeld (BI) proposed a non-linear electrodynamics model
[1]. As part of the model, an extra mass dimensional parameter was introduced to deal with the energy divergence
problem. This extra parameter introduces a cutoff to the theory. The standard (linear) dynamics can be recovered
for small/large values of this parameter, depending on how it was implemented in the Lagrangian. This idea presents
the picture that non-linear electrodynamics models can be a solution to deal with the electron self-energy problem.
Thus, along the years, following the same idea presented by BI, other examples of non-linear electrodynamics were
considered [2–8].
Topological defects are structures of great interest in the whole physics community [9]. The simplest one is a
topological structure known as kink. It arises in one-dimensional static scalar classical field theory as solutions of
the equations of motion. In order to analytically study the presence of kink-like structures, in a real scalar model
inspired by the non-linear electrodynamics proposed in Ref. [8], we make use of the first-order formalism [10, 11]. The
first-order formalism was applied for a great variety of systems [12]. Concerning to non-linear dynamics scalar models
inspired by non-linear electrodynamics models, in the Ref. [13], the authors worked out the first-order formalism
to find kink-like structures in the DBI scalar model. As proposed in [13], the idea here is to use the deformation
procedure [14]. This procedure is useful to look for exact solutions in generalized scalar models [15].
The goal of this paper is, by means of the path introduced in Ref. [13], to find kink-like structures in scalar models
inspired by the non-linear electrodynamics proposed by the Ref. [8]. Along this paper, we deal with two categories
of scalar field models: one described by modified polynomial interactions and another one related to non-polynomial
interactions. The dynamics and potential terms are such that the non-linearities preserve the kink-like behavior, but
modify the energy density and stability potential.
This paper is organized as follows: in the section II, we review the first-order formalism for a single real scalar in
a general framework; in the section III, we implement the first-order formalism for the arcsin scalar theory and we
describe a model supporting topological solutions with non-standard dynamics; in the section IV, we incorporate the
deformation procedure to find analytical solutions for several models described by the arcsin dynamics; in the section
V, we conclude and comment our results.
II. FIRST-ORDER FORMALISM
In this section, we present a short review of the first-order formalism [11], for the case of a single real scalar field
in a non-standard dynamics. The most general action for that situation in (1, 1) space-time dimensions reads
S =
∫








The equation of motion obtained from the action (1) reads:
∂µ(LX∂µφ) = Lφ, (3)
The energy-momentum tensor reads
Tµν = LX∂µφ∂νφ− gµνL. (4)
Since we are working with static field configurations; we can write the energy-momentum components in the form:
ρ(x) = −L (5)
τ(x) = LXφ′2 + L. (6)
The equation of motion becomes
(LX + 2LXXX)φ′′ = 2XLXφ − Lφ. (7)
This equation can be integrated to give:
L − 2LXX = C, (8)
which can be identified as the spatial component of the energy-momentum tensor (6), where C is an integration
constant. The stressless condition demanded from stability gives
L − 2LXX = 0. (9)
From this constraint the energy density can be written as
ρ(x) = −L = LXφ′2. (10)
Furthermore, the formerly equation of motion can be written as (LXφ′)′ = −Lφ; and we can define a function
W = W (φ) satisfying this second order equation, as
LXφ′ = Wφ. (11)
Consequently, the function W must obey
Wφφφ
′ = −Lφ, (12)
and the first-order equation (9) leads to
L+ φ′Wφ = 0. (13)






which gives the total energy
E = ∆W = W (φ(∞)) −W (φ(−∞)). (15)
Until this point, we have presented the framework as much general as it is possible, by considering only the most
general action as in action (1). In [18], the author show that the first-order formalism can be implemented in the real
scalar field setup in the most general case possible. As in the section III, we analyze kink-like structures in a specific
model, from this point we chose the Lagrangian density to be of the following type
L (φ,X) = F (X)− V (φ). (16)
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where the implementation of the first-order formalism for the Lagrangian (16) can be found in [19]. For F (X) = X ,
the standard dynamics is recover. Now, the equation of motion (7) reduces to the form
(2XFXX + FX)φ
′′ = Vφ. (17)
The definition of W (φ) obtained from Eq. (11) reads
FXφ
′ = Wφ, (18)
and the equation (12) become:
Vφ = Wφφφ
′. (19)




In order to verify the linear stability of the model, we make use of the perturbation theory around the static solution:
φ(x, t) = φs(x) + η(x, t). In this situation,
X = −1
2
φ′2s − φ′sη′ (21)
= Xs +X (22)
with X = −φ′sη′, and we are considering terms up to first order in η. We expand the functions bellow
Vφ = Vφs + Vφsφsη, (23)
FX = FXs + FXsXsX; (24)
and from the equation of motion (3), we have
FXs η̈ − ∂x
(
FXsη
′ + FXsXs X φ
′
)
+ Vφsφsη = 0. (25)
Supposing the fluctuation of the kind η(x, t) = η(x)cos(ωt), one gets








which is the Sturm-Liouville equation of the form: − [a(x)η′]′ = b(x)η. In order to get a Schrödinger-like equation,
one can define the new set of variables
















u(z) = ω2u, (29)


















u0(z) = 0. (31)
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Furthermore, comparing the Sturm-Liouville equation (26) for ω = 0 with the derivative of the static equation of
motion (17), we find out the zero mode: η0 = φ
























By means of the formalism presented in the previous section, in this section, we introduce the first-order formalism




arcsin(2 βX)− V (φ), (34)
where the parameter β is real and positive. Particularly, for small β the kinetic term reads:
1
2 β
arcsin(2 βX) = X +
2
3
β2X3 + . . . , (35)





















1 + 4β2W 4φ − 1
)
, (38)






Using the equation (13), we obtain the following form for the potential V (φ)




This potential in terms of Wφ can be obtained using the Eq. (38), so














1 + 4β2W 4φ − 1
)1/2
. (41)
In the case of standard dynamics, the states satisfying the first-order formalism are obtained by a BPS compatible
potential: V = 12W
2
φ [10]. In the context presented here, the standard dynamics results are recovered for small values
of β, as it was pointed out by the expansion (35). In this way, the solution (38), expanded for small β recovers the
standard scenario: φ′ = ±Wφ [11].
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FIG. 1: In the figures above we have: the potential (43), the kink solution (45); the energy density (46) and the stability
potential U(z). For β = 0.2, 0.6, 0.8, represented by dashdotted (red), dashed (blue), and solid (black) lines, respectively.
A. Modified φ4
As mentioned at the introduction, kinks are the most common topological structures that can be found in a one-
dimensional static scalar theory. Here, we show how the non-standard arcsin dynamics can influence the energy
density, potential, and stability potential of these topological structures.






and we can verify that the standard results are recovered for β << 1, where Wφ = ±(1− φ2). Besides that, from the
equation (38), we have φ′ = ±(1− φ2); so the scalar field potential (40) in terms of φ is











The behavior of the potential (43) for different values of β is presented in the first plot of the Fig. 1; there V (φ) varies
slightly for small values of β, and meaningful changes appear at the potential maximum as β → 1. In fact, at the
potential maximum φ = 0, we have







that indicates a range for the theory parameter, 0 < β < 1, to obtain real results for the potential at φ = 0. Moreover,
when β << 1, the potential becomes the usual φ4-model in a standard perspective, i.e., V (φ) ≈ 12 (1− φ2)2 [9].
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The kink solution φ(x) reads:
φ(x) = tanh(x); (45)
which is independent from the parameter β. There is also a similar solution towards the opposite direction, called
antikink, obtained by the transformation: x → −x. The kink solution φ(x) transits between −1 and 1, which are the
minima of the potential V (φ), constituting the topological sector of the theory, as can be seen in the first and second
plot of Fig. 1.







This expression shows us that there is a singularity on x = 0 for β = 1; thus, as seen previously, it is required that
β < 1 for meaningful results. For β << 1, we have ρ(x) ≈ sech(x)4 which is the standard φ4 energy density, as
expected by the expansion (35). From the third plot on Fig. 1, we can see ρ(x) changing as the β value varies.
By means of the expression (33), it can be seen that a numerical integration is required to find z(x), as the change













As a result, we have the profile U(z), presented on the last plot of the Fig. 1. As the parameter β approaches to unity,
the stability potential presents a volcano-like behavior, originated from the non-linearities inherent of our dynamics;
volcano behaviors can also be found in models with a warped geometry [22, 23]. Furthermore, the point x = 0, for









and this reinforces the constraint β < 1. For β << 1, the potential stability reads:
U(x) ≈ 4− 6 sech2(x), (50)
where two bound states can be found: one zero mode and one excited state [21].
IV. DEFORMATION PROCEDURE
The deformation method for modified dynamics was constructed in Ref. [15]. This method provides analytical
solutions for new models related by a deforming function f(χ), which connects a system of a potential V (φ), supporting
analytical solutions, with another Ṽ (χ), which is the the desired one where the solutions can be found.
Accordingly, we introduce a new system satisfying the first-order construction presented in Sec. III. The deformed
Lagrangian L = L(χ, Y ) describing the scalar field χ(x, t) reads
L = 1
2 β
arcsin(2 βY )− Ṽ (χ), (51)
with Y = 12∂µχ∂
µχ. The novel potential is
















1 + 4β2W 4χ − 1
)
, (54)
From the equation above, we can write χ′ in terms of an unknown function S(χ), such as: χ′ = S(χ); and from
Eq. (38) we express: φ′ = R(φ). Relating those models through a differentiable deforming function f(χ), in such way





The deformed potential can be written as Ṽ (S(χ)), then












and the solution, for the deformed model (56), is given by the inverse deforming function: χ(x) = f−1(φ(x)). This
allows us to find and solve new generalized models described by real scalar fields.






In the next examples, we introduce some known deforming functions to analyze effects of the arcsin dynamics in novel
field models supporting topological structures.
A. Modified φ6
Using the following deforming function: f(χ) = 2χ2 − 1, we have
S(χ) = χ(1− χ2), (59)
and the deformed potential is
Ṽ = − 1
2 β
arcsin (βχ2(1− χ2)2) + χ
2(1− χ2)2
√
1− β2χ4(1 − χ2)4
, (60)
where (60) is a φ6-like model with minima at χmin = 0,±1 and maxima at χmax = ±1/
√
3, as it can be seen on the
first plot of Fig. 2. From the maxima points, we have













which means that 0 < β < 27/4.








FIG. 2: The potential (60), the kink solutions (62), the energy density (63) and the stability potential (33) for the positive
kink solution. For β = 0.2, 3, 5, represented by dash-dotted (red), dashed (blue), and solid (black) lines, respectively.
On (62), + refers to the kink of the right topological sector, and − refers to the left one, as shown on the second




64− β2sech4(x)(1 ∓ tanh(x))2
. (63)









1− β2φ′4 . (65)
The quantities presented in this section are depicted in Fig. 2. As the parameter β increases, the potential max-
ima tend to become higher and thinner; the energy density increases maintaining the same solutions which are
β-independent; and the stability potential tends to become an asymmetric volcano. In comparison to what was
achieved here, in the kink-like solutions in DBI dynamics [13], as the dynamics effects get stronger, the potential
maxima tend to become lower and thicker reaching constant values for large χ, and reducing the energy densities of
the solutions. Furthermore, a plateau appeared in the stability potential under DBI dynamics and this does not occur
in our arcsin dynamics analyzes, but a volcano behavior arises as provoked by warped geometries [22, 23].









FIG. 3: The potential (69). (a) For n = 3 and β = 0.2, 6, 8; and (b) for n = 4 and β = 0.2, 8, 16, represented by a dash-dotted
(red), dashed (blue), and solid (black) lines, respectively.
where it has only one bound state corresponding to ω2 = 0 [24]. This result is equivalent to the one obtained in the
φ6 model in the standard theory.
B. Family 1
Now, we consider the general deformation function f(χ) = cos(n arccos(χ) − kπ), with n = 1, 2, 3, 4... and k =






1− χ2 sin(n arccosχ) cos(kπ), (67)




(1− χ2)Un−1(χ) cos(kπ). (68)













n4 − β2(1− χ2)4U4n−1(χ)
, (69)





, where m = 0, 1, .., n. The number of minima increases as n increases, being equal
to n + 1, and providing the development of new topological sectors. There are two categories of models: one with
a maximum at the origin for n−odd and another one with a minimum at the origin for n−even. Where the former
provides a family of potentials Ṽn that recovers the models (43) and (60) when n = 1, 2, respectively. The potentials
for n = 3, 4 are plotted in Fig. 3. By looking at the standard theory case addressed in the Ref. [25],it can beseen that
the potentials plotted in the Fig. 3 differ from the standard case expressively as the parameter β increases and the




























0 for n even,
1 for n odd,
(71)
Thus, the parameter must be in the range of 0 < β < n2 for n−odd, where the origin is a global maximum.







Distinct values of k furnish distinct solutions connecting the potential minima, namely k = 0, ..., n− 1 provides the
kink solutions, and k = n, ..., 2n− 1 provides the anti-kink ones.


























Considering β << 1, the results presented in this section recovers the ones obtained for a family of polynomial models
in the standard model [25].
C. Modified sine-Gordon
Let us consider the deforming function fk(χ) = −cos(χ− kπ), for integer k. The function S(χ), given by Eq. (57),
is
Sk(χ) = sin(χ)cos(kπ), (75)
and the deformed potential becomes











where 0 < β < 1. As in the standard sine-Gordon model [9], the potential (76) has identical topological sectors that
repeat themselves infinitely, with minima at χmin = mπ and maxima at χmax = (2m−1)π/2, where m = 0,±1,±2, ....
As the parameter β approaches to the unity, the maxima of the potential become sharper, as it can be seen in the





− arccos(tanh(x)) + (k + 1)π for kinks,
arccos(tanh(x)) + kπ for anti-kinks.
(77)
Each value of k gives a solution connecting distinct sectors, as shown on the second graph of Fig. 4 for k = −2,−1, 0, 1.







FIG. 4: The potential (76), the kink solutions χk(x) for k = −2,−1, 0, 1, the energy density (78) and the stability potential.
For β = 0.2, 0.6, 0.8, represented by dash-dotted (red), dashed (blue), and solid (black) lines, respectively.











as presented in the last plot from Figure 4. Here, the stability potential is symmetric and it becomes a volcano as
β increases. For β << 1, these results are equivalent to the ones obtained by the usual sine-Gordon model [9], and
U(z) becomes
U(x) ≈ 1− 2 sech2(x), (81)
where the zero mode is only bound state [21].
D. Modified double sine-Gordon
Note that, if we select the following deforming functions: fr,k = r tan(χ − kπ) and gr,k = 1/r cot(χ − kπ), for
r ∈ (0,∞) and integer k [26], then it can be verified that the function S(χ), suggested in Eq. (57), are the same,









FIG. 5: The potential (83). (a) for r = 0.8, in the upper panel, and (b) for r = 1.2, in the lower panel. Where β = 0.1, 0.3, 0.4
represented by dash-dotted (red), dashed (blue), and solid (black) lines, respectively.
FIG. 6: The stability potential for the modified double sine-Gordon model, using r = 0.8 and the same values of β used in
Fig. 5. The upper panel is associated with χ1(x), and the lower one with χ2(x).
The deformed potential (56) becomes












(1 + r2)cos2(χ)− r2
]2
√
r4 − β2 [(1 + r2)cos2(χ)− r2]4
, (83)
which behaves like a modified double sine-Gordon having two distinct topological sectors for r 6= 1 and it acts as a
modified sine-Gordon for r = 1 [27]. The minima are localized at






for m = 0,±1,±2, .... In addition to that, for r ∈ (0, 1) there are global maxima at χmax,g = mπ and local maxima
at χmax,l = (2m− 1)π/2; however this behavior is inverted for r > 1, as it can be seen in Fig. 5. One more important
remark, it is noticed that the non-standard kinetic affects more the global maxima of the potential than the local
ones. Particularly, when r ∈ (0, 1], the origin χ = 0 has a global maximum, and the potential becomes













then β must be on the interval 0 < β < r2, to obtain real values of the potential in that point. On the other hand,
















and we have 0 < β < 1/r2. The kink solutions corresponding to the two different sectors of the model are obtained










χ2(x) = −arccot(rtanh(x)) + kπ. (88)


















(1 + r2tanh2(x))4 − β2r4sech8(x)
. (92)
The stability potentials concerning the two distinct solutions of the model are presented in Fig. 6, with r < 1. As it
can be seen, as β increases, a volcano behavior appears at the larger sector related with χ1(x) (first plot). This is
the most affected sector by the arcsin dynamics; although, at the smaller one, associated with χ2(x), only occurs a
slighter variation (second plot).
E. Family 2
In the last two sections, we have studied models engendering interactions like sine-Gordon. Also, there are deforming
functions which lead to families of these models, as investigated in Refs. [13, 26]. In this sense, we select the functions
fn,r(χ) = tan(n arctan(r tan(χ− kπ)) − lπ),
























where n = 1, 2, 3, ..., and k, l are integers, and r is a positive real number. Each one of these functions provides the
same potential model, and it furnishes distinct solutions to the novel models.













FIG. 7: The potential (95) for r = 0.8, varying n and β. In the upper panel, one uses n = 2 and arctan[(1/r) tan(3π/8)]− π ≤
χ ≤ arctan[(1/r) tan(3π/8)], with β = 0.1, 1.5, 2, represented by dash-dotted (red), dashed (blue), and solid (black) lines,
respectively. In the lower panel, one uses n = 3 and arctan[(1/r) tan(5π/12)] − π ≤ χ ≤ arctan[(1/r) tan(5π/12)], with
β = 0.1, 2.5, 4, represented by dash-dotted (red), dashed (blue), and solid (black) lines, respectively.






















where m = 0, ..., 2n− 1, and k = 0,±1, ...,±∞, as we can see β does not change the minima positions. The parameter
n controls the number of distinct topological sectors, which leads to a family of potentials like sine-Gordon. For each
value of n, there are 2n sectors that replicate in a periodic pattern. The replication period of the model is π, and its














Moreover, among the sectors of these periodic patterns within a π interval, n+1 are different, as presented in Fig. 7, in
such a way that n = 1 provides a modified double sine-Gordon model with two distinct topological sectors, recovering
the previous model explained in Sec. IVD. The value n = 2 originates a modified triple sine-Gordon model, containing
three distinct sectors. The quantity n = 3 furnishes a modified quadruple sine-Gordon model, having four distinct
sectors, and so on. The Figure 7 depicts the potential (95) for n = 2, 3 (upper and lower panels, respectively), showing
the arising of new topological sectors as the parameter n increases and how the potential varies as β changes.
At the origin of the potential, χ = 0, we have












which is a global maximum, especially when r < 1. In this case, this restricts 0 < β < n2r2 so that the model is real
at the origin.

















with 2n similar sectors inside an interval of periodicity π.
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Furthermore, there are four distinct types of solutions related with the inverses of the deforming functions selected
in Eq. (93). These solutions are
χ
(1)











































where δ(x) = arctan(tanh(x)), and σ(x) = arccot(tanh(x)), then δ(x) ∈ [−π/4, π/4] and σ(x) ∈ [π/4, 3π/4]. Let
us observe that the solution χ
(1)
n,0,0(x) connects the minima of the central topological sector, belonging the interval
[− arctan ((1/r) tan (π/4n)) , arctan ((1/r) tan (π/4n))], i.e., between χn,2n−1,0min and χ
n,0,0
min .
Besides that, selecting the parameters n and r, each value of the indexes l and k furnishes solutions among the

















where i = 1, 2, 3, 4, and the functions S
(i)
b,r,l,k(x) are evaluated in the four distinct kinds of solutions described in the















































n (1 + tanh(x)2)
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n (1 + tanh(x)2)
(







If we assume the limit β → 0, we recover the results obtained in Ref. [13]. In this case, the energy densities of the
solutions will be given through the functions S
(i)
b,r,l,k(x).
V. COMMENTS AND CONCLUSIONS
In this work, we have investigated the presence of kink structures in two-dimensional scalar field models, with a
non-linear kinetic term inspired by the work [8]. In order to achieve our results, we have used the first-order formalism
and the deformation procedure [11, 14, 15], which were useful in this paper to study analytically the presence of kink
structures in a real scalar model inspired by the non-linear electrodynamics proposed in Ref. [8]. One of the most
significant advantages of the first-order framework is that it allows us to obtain topological solutions by reducing
the second-order equation of motion into first-order differential equations [11]. Furthermore, the deformation method
furnishes novel analytical models, given an initial model of known solutions [14, 15].
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We have analyzed two kinds of scalar field models, one described by polynomial-like interactions and other by
non-polynomial ones. Both models were modified by the nonstandard dynamics. We show that, the non-linearities
of the models are incorporated in a way that the arcsin theory preserves the kink-like behavior, although it changes
quantities such as energy density and stability potential. Furthermore, these non-linearities are controlled by the
parameter β, and the topological solutions do not depend on β, as it occurs in standard and DBI models [13]; but
from the equations (39) and (58), and from the Figures 1 to 6, we can see that both energy density and the potential
depends on β.
As it was pointed out by the expansion (35), we recover the canonical theory for small values of β. The plots
presented in the Fig. 1 reveal that the classical potential, the energy density, and the stability potential diverges, as
β approaches the unity. As can be seen in the Figures 1 to 6, the arcsin dynamics originates a volcano behavior on
the stability potential, such feature also can also be produced by warped geometries [22, 23].
Therefore, we have shown that analytical solutions for kink structures, driven by arcsin scalar dynamics, can be
found. This is shown in a such a way that, the kinetics term and the classical potential are modified. As a result
we have that the kink solutions are preserved and the energy densities and stability potentials vary according to the
dimensional parameter inherited to non-linear model. This perspective is one first step for more general scenarios
with different dynamics and different interactions, using the deformation procedure and the first-order formalism
[11, 14, 15].
Furthermore, although this work deals with the description of kinklike structures in a generalized scalar field theory,
it can also be related to several other situations of physical interest. In [28], the authors show how the first-order
formalism can be used to describe gauge systems with vortices. Modified Lagrangian densities are used to investigate
generalizations of Maxwell-Higgs, Chern-Simons-Higgs, and Maxwell-Chern-Simons-Higgs vortices, enabling then so-
lutions based on the first-order framework. In a forthcoming paper, we show how the theoretical framework developed
here, plus what was developed in [28], can be used to present how the first-order formalism can be implemented in
more general electromagnetic scenarios, including, for instance, high-order derivatives gauge theories. Besides this,
the setup presented here is also being used to investigate the application of the first-order framework in describing
the holographic superconductor presented in [29].
For more future applications, we have that, by following the routes presented in [16, 17], extensions for scalar field
systems in braneworlds scenarios can be found. Extensions for complex scalar fields can also be achieved. In [19],
the complete factorization of the equations of motion for a complex scalar field system engendered by non-canonical
dynamics is worked out (which can be seeing as a general scalar theory composed of two real scalar fields). The
generalization of the first-order formalism to multi-component scalar fields is presented in [18], and as it is pointed
out there, applications to cosmology can also be found. In [30], the authors present a non-linear multi-component
scalar cosmological model, and the setup presented here can be investigated in this model.
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